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Abstract. A complex b-structure on a manifold M with boundary is an in- 
volutivo subbundle b T°' 1 M of the complcxification of 'TM with the property 
that C'TM = i T°' 1 A4 + TO^M as a direct sum; the interior of M is a 
complex manifold. The complex 6-structure determines an elliptic complex of 
b-operators and induces a rich structure on the boundary of J\4. We study the 
cohomology of the indicial complex of the b-Dolbeault complex. 



1. Introduction 

A complex 6-manifold is a smooth manifold with boundary together with a com- 
plex 6-structure. The latter is a smooth involutive subbundle b T°' 1 Ai of the com- 
plcxification CTM of Melrose's 6-tangent bundle [5J [5] with the property that 

CTM = b r°' 1 M + T^M 

as a direct sum. Manifolds with complex 6-structures generalize the situation that 
arises as a result of spherical and certain anisotropic (not complex) blowups of 
complex manifolds at a discrete set of points or along a complex submanifold, cf. 
Section 2] , [9] , as well as (real) blow-ups of complex analytic varieties with only 
point singularities. 

The interior of M. is a complex manifold. Its <9-complex determines a 6-elliptic 
complex, the ^-complex, on sections of the exterior powers of the dual of b T a ' 1 A4, 
see Section[2l The indicial families T>(a) of the b <9-operators at a connected compo- 
nent Af of dA4 give, for each a, an elliptic complex, see Section|6] Their cohomology 
at the various values of a determine the asymptotics at Af of tempered representa- 
tives of cohomology classes of the '©-complex, in particular of tempered holomorphic 
functions. 

Each boundary component J\f of M. inherits from b T°' 1 A4 the following objects 
in the C°° category: 

(1) an involutive vector subbundle V C CTM such that V + V = CTAA; 

(2) a real nowhere vanishing vector field T such that V fl V = span c T; 

(3) a class /? of sections of V*, 

where the elements of f5 have additional properties, described in (4) below. The 
vector bundle V, being involutive, determines a complex of first order differential 
operators D on sections of the exterior powers of V* , elliptic because of the second 
property in (1) above. To that list add 

(4) If j8 e then 1/3 = and 3(/3, T) = -1, and if (3, p' E 0, then 0' - /3 = Du 
with u real-valued. 
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These properties, together with the existence of a Hermitian metric on V invariant 
under T make Af behave in many ways as the circle bundle of a holomorphic 
line bundle over a compact complex manifold. These analogies are investigated in 
[TQl [HI [12l [T3] - The last of these papers contains a detailed account of circle bundles 
from the perspective of these boundary structures. The paper [8], a predecessor of 
the present one, contains some facts studied here in more detail. 

The paper is organized as follows. Section [2] deals with the definition of complex 
6-structure and Section[3]with holomorphic vector bundles over complex fe-manifolds 
(the latter term just means that the 6-tangent bundle takes on a primary role over 
that of the usual tangent bundle) . The associated Dolbeault complexes are defined 
in these sections accordingly. 

Section [4] is a careful account of the structure inherited by the boundary. 

In Section [5] we show that complex 6-structures have no formal local invariants 
at boundary points. The issue here is that we do not have a Newlander-Nirenbcrg 
theorem that is valid in a neighborhoods of a point of the boundary, so no explicit 
local model for 6-manifolds. 

Section [6] is devoted to general aspects of 6-elliptic first order complexes A. We 
introduce here the set spec^ .^(^4), the boundary spectrum of the complex in degree 
q at the component Af of AA , and prove basic properties of the boundary spectrum 
(assuming that the boundary component TV is compact), including some aspects 
concerning Mellin transforms of A-closed forms. Some of these ideas are illustrated 
using the &-de Rham complex. 

Section [7] is a systematic study of the c^-complex of CR structures on Af associ- 
ated with elements of the class /?. Each f3 £ /$ defines a CR structure, K,p = ker /3. 
Assuming that V admits a T- invariant Hermitian metric, we show that there is 
/3 £ P such that the CR structure JCp is T- invariant. 

In Section [5] we assume that V is 7~-invariant and show that for T-invariant 
CR structures, a theorem proved in [13] gives that the cohomology spaces of the 
associated db-complex, viewed as the kernel of the Kohn Laplacian at the various 
degrees, split into eigenspaces of —iCq-. The eigenvalues of the latter operator are 
related to the indicial spectrum of the b <9-complex. 

In Scction|n]we prove a precise theorem on the indicial cohomology and spectrum 
for the b <9-complex under the assumption that V admits a T-invariant Hermitian 
metric. 

Finally, we have included a very short appendix listing a number of basic defini- 
tions in connection with 6-operators. 

2. Complex 6-structures 

Let A4 be a smooth manifold with smooth boundary. An almost CR 6-structure 
on AA. is a subbundle W of the complexification, CfTM — > M of the 6-tangent 
bundle of M (Melrose 0(1]) such that 

(2.1) wnW = o 

with W = W. If in addition 

(2.2) W +W = C b TM 

then we say that W is an almost complex 6-structure and write b T°' 1 A4 instead of 
W and b T 1 ' [) M for its conjugate. As is customary, the adverb "almost" is dropped 
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if W is involutive. Note that since C°°(M; 'TM) is a Lie algebra, it makes sense 
to speak of involutive subbundles of 'TM (or its complexification) . 

Definition 2.3. A complex 6-manifold is a manifold together with a complex b- 
structure. 

By the Newlander-Nirenberg Theorem [14] . the interior of complex 6-manifold 
is a complex manifold. However, its boundary is not a CR manifold; rather, as we 
shall see, it naturally carries a family of CR structures parametrized by the defining 
functions of dM in M which are positive in M.. 

That C°°(M; 'TM) is a Lie algebra is an immediate consequence of the definition 
of the 6-tangent bundle, which indeed can be characterized as being a vector bundle 
'TM — > M together with a vector bundle homomorphism 

ev : 'TM -)■ TM 

covering the identity such that the induced map 

ev* : C°°(M; 'TM) -> C°°(M; TM) 

is a C°° (M ; R)-module isomorphism onto the submodule C^ n (M; TM) of smooth 
vector fields on M which are tangential to the boundary of M. Since C^ n (M, TM) 
is closed under Lie brackets, there is an induced Lie bracket on C°°(M; 'TM) The 
homomorphism ev is an isomorphism over the interior of M , and its restriction to 
the boundary, 

(2.4) ev 9M : % M M TdM 

is surjective. Its kernel, a fortiori a rank-one bundle, is spanned by a canonical 
section denoted t<9 r . Here and elsewhere, r refers to any smooth defining function 
for dM in M, by convention positive in the interior of M. 

Associated with a complex 6-structure on M there is a Dolbeault complex. Let 
b A q M denote the g-th exterior power of the dual of & T°' 1 M. Then the operator 

► C°°(M; b A°' q M) X C°°(M; b A°' q+1 M) -»• • • ■ 

is define by 

q 

(2.5) (q + 1) ^(Vo, ■ • ■ , V q ) = ]T VjftVo, V q ) 

3=0 

+ V k ], V , ...,V j ,...,V k> ...,V q ) 

j<k 

as with the standard de Rham differential (see Helgason [3l p. 21]) whenever <f> is 
a smooth section of b A q M and V ,...,V q € C°°(X; 'T^M). In this formula tr- 
acts on functions via the vector field ev*!/,-. The involutivity of b T°' 1 M is used in 
the the terms involving brackets, of course. The same proof that d o d = works 
here to give that b d =0. The formula 

(2.6) b d(f4>) = f b d<t> + b 9f A cj) for <f> £ C°°(M; b A q M) and / G C°°(M), 

implies that b d is a first order operator. 

Since we do not have at our disposal holomorphic frames (near the boundary) for 
the bundles of forms of type (p, q) for p > 0, we define b d on forms of type (p, q) with 
p > with the aid of the 6-de Rham complex, exactly as in Foland and Kohn [2] for 
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standard complex structures and de Rham complex. The 6-de Rham complex, we 
recall from Melrose [6], is the complex associated with the dual, ( C b T*M., of ( C b TAA 1 

> C°°{M; h t\M) ^ C°°(M; b /\ r+1 M) 

where b /\ q M denotes the r-th exterior power of C b T*A4. The operators b d are 
defined by the same formula as (|2.5p . now however with the Vj € C°°(Ai; CrTM). 
On functions / we have 

b df = cv*df. 

More generally, 

ev* o d — b d o ev* 

in any degree. Also, 

(2.7) b d{f<t>) = f b d<t> + b df A 4> for <f> G C°°(M; b K M) and / G C°°(A4). 
It is convenient to note here that for / G C°°(A4), 

(2.8) b df vanishes on dM if / does. 
Now, with the obvious definition, 

(2.9) b A r M = b A Pq M. 

p+q=r 

Using the special cases 

b d : C^iM-^A 0,1 ) -> C oo (X; h A 1 ' 1 ) + C oo (A4; b A 0:2 ), 
b d : C°°(M; b A 1,0 ) -> C°°(X; b A 2 '°) + C°°(X; "A 1 ' 1 ), 

consequences of the involutivity of 'T 0,1 ^ and its conjugate, one gets 

b d<i> G C°°(X; b A P+1 ' q M) © C°°(A^; b A P ' q+1 M) if G C°°(M; b A P ' 9 X) 

for general (p, g). Let n p>q : b A M —> b A Pq M. be the projection according to the 
decomposition (|2.9|) . and define 

b <9 = 7T p+ i i9 b d, b <9 = 7r 9 . p+ i b d, 

so b d = b <9 + b <9. The operators b d are identical to the 9-operators over the interior of 
M. and with the previously defined b d operators on (0, q)-forms, and give a complex 

(2.10) ► C°°(M; b A P ' q M) X C°°{M- b A P ' q+1 M) 

for each p. On functions / : M. — > C, 

(2.11) b 8f = n ,i b df. 
The formula 

(I2~7n b <9/(/> = b df A0 + f b d4>, feC°°(M), 4> ^ C°°{M; b A P,q M), 

a consequence of (|2.7[) . implies that b <9 is a first order operator. As a consequence 

of d£Hp , 

dM ) W vanishes on <9X if / does. 

The operators of the 6-de Rham complex are first order operators because of 
(|2.7p . and (|2.8I) implies that these are 6-operators, see (|A.1[) . Likewise, (|2.7ip and 
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(|2.8I[) imply that in any bidegree, the operator (f> H> r _1 6 <9t0 has coefficients smooth 
up to the boundary, so 

(2.12) b d eT>iEl{M; b A P ' q M, b A P ' q+1 M), 

see (IA.1I) . We also get from these formulas that the ^-symbol of b d is 

(2.13) b ^( h mm = foro,i(0 A 0, x G M, £ G <T*M, <j> G b /\ P x ' q M, 

see (IA.2|) . Since 7To,i is injective on the real 6-cotangent bundle (this follows from 
(|2~2)l ). the complex ([2~10| is 6-elliptic. 

3. HOLOMORPHIC VECTOR BUNDLES 

The notion of holomorphic vector bundle in the 6-category is a translation of 
the standard one using connections. Let p : F — > M. be a complex vector bundle. 
Recall from [6] that a 6-connection on F is a linear operator 

V : C°°(M;F) -> C°°(M; b N l M ® F) 

such that 

(3.1) V/0 = /V0 + b d/®0 

for each 4> G C°°(.M;F) and / G C ca {M). This property automatically makes V 
a 6-operator. 

A standard connection V : C°°(M\F) -> C°°{M;f\ M ® F) determines a b- 
connection by composition with 

ev* ® 7 : A 1 ^ ® F -> Y^-M ® F, 

but 6-connections are more general than standard connections. Indeed, the differ- 
ence between the latter and the former can be any smooth section of the bundle 
Hom(F, V\ M. ® F). A 6-connection Vonf arises from a standard connection if 
and only if b V v o t = along dM. 

As in the standard situation, the 6-connection 'V determines operators 

(3.2) V : C°°{M\ b A k M®F) -> C°°{M- b N k+1 M®F) 
by way of the usual formula translated to the 6 setting: 

(3.3) V(a® <j>) = {-l) k aA b V<j) + b da Ac/), <f> E C°° (M; F) , ae b /\ k M. 
Since 

Vra ® = r V(a (g) 0) + b dv A a ® 
is smooth and vanishes on S.M, also 

V G DiSl(M; b A k M ® F, 6 A* +1 ® F). 
The principal 6-symbol of (|3.2p , easily computed using (|3.3p and 

V( i V)( b ( i/)(0) = lim < —-^e %rS <\> 

T—^OC 7" 

for / G C°°{M;M.) and G C°°(M; b /\ k M ® F), is 

6 o-(V) (£)(<£) = *f A 0, f G ^.M, g b A k x M ® F x , a; g X. 
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As expected, the connection is called holomorphic if the component in V\ ' M.® 
F of the curvature operator 

n = >V 2 : C 00 (M;F)^C 00 (M; b N 2 M®F), 

vanishes. Such a connection gives F the structure of a complex 6-manifold. Its 
complex 6-structure can be described locally as in the standard situation, as follows. 
Fix a frame for F and let the be the local sections of b A ' A4 such that 

Denote by Q 1 the fiber coordinates determined by the frame r]^. Let Vi, . . . , V n +i 
be a frame of b T°' 1 Ai over U, denote by Vj the sections of C^TF over /9 _1 (£/) which 
project on the Vj and satisfy VjQ 1 = VjCf 1 = for all /x, and by the vertical 
vector fields such that d^C, v — 5 V and d^C," — 0. Then the sections 

(3.4) Vj-^^K^d^, j = l,...,n + l, ^ i/ = l,...,fc 

of C'TF over form a frame of b T°> 1 F. As in the standard situation, the 

involutivity of this subbundlc of C^TF is equivalent to the condition on the vanishing 
of the (0, 2) component of the curvature of V. A vector bundle F — > M together 
with the complex 6-structure determined by a choice of holomorphic 6-connection 
(if one exists at all) is a holomorphic vector bundle. 
The d operator of a holomorphic vector bundle is 

b d = (7T , 9+ i ®/)oV: C°°(M; b /\° ,q M ® F) C°°(M; b A W M ® F). 

As is the case for standard complex structures, the condition on the curvature of 
'V implies that these operators form a complex, ^-elliptic since 

V( 6 d) (£)(<£) = i7T ,i(0 a <f>, £ e ^M, </> e 6 A*A< ® F x , x e A4 

and 7T ,i(O = for £ G 'T*^ if and only if £ = 0. 

Also as usual, a 6-connection V on a Hcrmitian vector bundle F — > with 
Hermitian form /i is Hcrmitian if 

for every pair of smooth sections <fi, tjj of F. In view of the definition of b d this 
means that for every v € CrTAi and sections as above, 

ev(v)h(4>, il>) = hCV^, V) + V W V) 

On a complex b- manifold Ai, if an arbitrary connection b V' and the Hcrmitian 
form h are given for a vector bundle F, holomorphic or not, then there is a unique 
Hermitian 6-connection *V such that 7To,i t V = 7ro,i*V'. Namely, let r/^ be a local 
orthonormal frame of F, let 

(7T ,i ® J) o VV = ^ ® 77„, 

1/ 

and let be the connection defined in the domain of the frame by 

(3.5) V^ = (^-^)®^. 
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If the matrix of functions Q = [q%] is unitary and rj\ = E M q^rj^, then 

(7T ,l ® I) O Vift = 51 S A «"?<r 

with 



using dS7TJ>, that Q" 1 = and that vr ,i b df = 6 d/. Thus 



~ (j —A 
Ml — w„ = 



£(g£ 6 &tf - + - 9aC^) 



1 1 ) v 



= J2 b dqZ + qZ+J2<lxW-<Wo 



using that Wf - b dJ and that £ M <tf ^ = because E M ^ is 

constant, and that b <9g^ + b <9g^ = fc dg^- Thus there is a globally defined Hermit- 
ian connection locally given by (|3.5j) . We leave to the reader to verify that this 
connection is Hermitian. Clearly 'V is the unique Hermitian connection such that 
71-0,1^ = 77o,i V. When b V' is a holomorphic connection, ^7 is the unique Hermitian 
holomorphic connection. 

Lemma 3.6. The vector bundles b /\ P '° A4 are holomorphic. 

We prove this by exhibiting a holomorphic 6-connection. Fix an auxiliary Her- 
mitian metric on b /\ P ' M and pick an orthonormal frame (rj^) of b /\ P, °A4 over some 
open set U. Let be the unique sections of b t\ ,l M such that 

V 

and let be the 6-connection defined on U by the formula fl3.5p . As in the previous 
paragraph, this gives a globally defined 6-connection. That it is holomorphic follows 
from 

A 

a consequence of b d = 0. Evidently, with the identifications b A M <g> b A M = 
b A P ' q M, n p<q+ i'V is the b d operator in ([2T2]) . 

4. The boundary a complex ^-manifold 

Suppose that A4 is a complex 6-manifold and A/" is a component of its boundary. 
We shall assume M compact, although for the most part this is not necessary. 
The homomorphism 

ev : C'TM -> CTM 

is an isomorphism over the interior of M. , and its restriction to M maps onto CTAf 
with kernel spanned by vd t . Write 

eyv : C'TtfM -> CTjV 
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for this restriction and 

(4.1) $ : b I^J- 1 M -> V 

for of the restriction of evjsf to b T^ 1 A^. From (|2.ip and the fact that the kernel of 
evjv is spanned by the real section xd x one obtains that $ is injective, so its image, 

v = $( fr rO- 1 _ M ) 

is a subbundle of CTAf. 

Since b T°' 1 A4 is involutive, so is V, see [7J Proposition 3.12]. From (|2.2p and the 
fact that evjv maps onto CTAf, one obtains that 

(4.2) V + V = CTAf, 
see [3 Lemma 3.13]. Thus 

Lemma 4.3. V zs an elliptic structure. 

This just means what we just said: V is involutive and (|4.2I) holds, see Treves [TBI 
IT7] ; the sum need not be direct. All elliptic structures are locally of the same kind, 
depending only on the dimension of V n V. This is a result of Nirenberg [IS] (see 
also Hormander [4]) extending the Newlander- Nirenberg theorem. In the case at 
hand, V (~l V has rank 1 because of the relation 

rankc(V n V) = 2 rankc V - dim Af 

which holds whenever (|4.2|) holds. 

Every po G Af hs a neighborhood in which there coordinates 
x 1 , . . . , x 2 ™, f such that with z J = x J + nvt^", the vector fields 

d d d 

(4 ' 4) W '"'dF' 9t 

span V near po- The function (z 1 , . . . , z™, t) is called a hypoanalytic 
chart (Baouendi, Chang, and Treves [TJ, Treves [17]). 

The intersection V n V is, in the case we are discussing, spanned by a canonical 
globally defined real vector field. Namely, let r<9 r be the canonical section of ^TM 
along Af. There is a unique section Jvd z of ^TAA along N such that td z + iJvd t is 
a section of along Af. Then 

T = ev^f(Jtd t ) 

is a nonvanishing real vector field in VnV, (see [H Lemma 2.1]). Using the isomor- 
phism (|4.ip we have 

T = ®(J(td t ) - itd t ). 

Because V is involutive, there is yet another complex, this time associated with 
the exterior powers of the dual of V: 

(4.5) > C°°{Af; A q V*) ^ C°°(Af; A Q+1 V*) , 

where D is defined by the formula (|2.5|) where now the Vj are sections of V. The 
complex (|4.5p is elliptic because of (|4.2I) . For a function / we have D/ = i*df, 
where i* : CT*Af — > V* is the dual of the inclusion homomorphism i : V — >• CTAf. 
For later use we show: 

Lemma 4.6. Suppose that Af is compact and connected. If £ : Af — > C solves 
DC = 0, £/ien £ is constant. 
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Proof. Let po be an extremal point of |£|. Fix a hypoanalytic chart (z,t) for V 
centered at pq. Since U)( = 0, t) is independent of t and dz"C = 0- So there is a 
holomorphic function Z defined in a neighborhood of in C™ such that £ = Zoz. 
Then |Z| has a maximum at 0, so Z is constant near 0. Therefore £ is constant, 
say = c, near p . Let C = {p : ((p) = c}, a closed set. Let pi 6 C. Since p\ is 
also an extremal point of the above argument gives that £ is constant near pi, 
therefore equal to c. Thus C is open, and consequently C is constant on TV. □ 

Since the operators b ~8 : C°°(M, b A° ,q M) -> C*°°(7W, b A ' 9+1 X) are totally char- 
acteristic, they induce operators 

% : C°°(AA,7\!v -M) -> C°°(>[, b A^ +1 M), 

see (|A.3I) ; these boundary operators define a complex because of (|A.4|) . By way of 
the dual 

(4.7) $* : V* -> b A°M M 

of the isomorphism (|4.1|) the operators b <9{, become identical to the operators of the 
D-complex (|4.5p : The diagram 

■•• ► C°°(AA;A 9 V*) — 5-> C°°(A^;A 9+1 V*) ► ••• 

••• ► C°°{N, h t^fM) c°°(M, b tfJ +1 M) ► ••• 

is commutative and the vertical arrows are isomorphisms. This can be proved by 
writing the b d operators using Cartan's formula ()2.5[) for b d and D and comparing 
the resulting expressions. 

Let t : A4 — > R be a smooth defining function for dA4, r > in the interior 
of Ai. Then b dx is smooth and vanishes on dM, so is also a smooth b <9-closed 
section of b /\ ' A4. Thus we get a D-closed element 

(4.8) & = [^T 1 — € C°°(&M;V*). 

r 

By definition, 

<&,T) = (— ^(tflcj-itflc). 
r 

Extend the section t<9 r to a section of ^TAd over a neighborhood U of A/" in .M with 
the property that t<9 r t = r. In U we have 

( b dx, J(td t ) — ir9 r ) = (J(td t ) — itd t )v = J(xd v )x — it. 

The function J(xd v )x is smooth, real-valued, and vanishes along the boundary. So 
x~ 1 J(xd r )x is smooth, real-valued. Thus 

(Px,T) =a t -i 

on J\f for some smooth function a r : JV — > K, see [5J Lemma 2.5]. 

If r' is another defining function for dA4 , then r' = xe u for some smooth function 
u : M -> E. Then 

b dt' = e nb dt + eVdit 

and it follows that 

/3 r , = p x + Bu. 
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In particular, 

a x ' = a x + Tu. 

Let at denote the one-parameter group of diffcomorphisms generated by T . 
Proposition 4.9. The functions a™ p , a™ f : Af — ► M defined by 



av ' av 



«a" P (p) = limsup^ / a r (a s (p))ds, = liminf — / o r (o s (p))ds 

are invariants of the complex b-structure, that is, they are independent of the defin- 
ing function r. The equality a|" p = a™* holds for some r if and only if it holds for 
all r. 



Indeed, 

lim ( — 

t^oo \ 2t 



J a r '(a s (p)) ds - i y a x (a s (p)) ds) = lhn i J —u(a s (p)) ds = 



because u is bounded (since Af is compact). 

The functions a|" p , are constant on orbits of T, but they may not be smooth. 

Example 4.10. Let M be the unit sphere in C™ +1 centered at the origin. Write 
(z 1 , . . . , z n+1 ) for the standard coordinates in C n+1 . Fix n, . . . , r n +i G R\0, all of 
the same sign, and let 

n+1 

j=i 

This vector field is real and tangent to M. Let K be the standard CR structure of 
M as a submanifold of C n+1 (the part of T°^C n+l tangential to TV). The condition 
that the Tj are different from and have the same sign ensures that T is never in 
JC © K. Indeed, the latter subbundle of CTAf is the annihilator of the pullback to 
Af of idjye=i \ zl \ 2 ■ The pairing of this form with T is 

n+1 n+1 n+1 



1 3=1 



a function that vanishes nowhere if and only if all Tj are different from zero and have 
the same sign. Thus V = /C©span c T is a subbundle of CTAf of rank n + 1 with the 
property that V + V = CTAf. To show that V is involutive we first note that K, is 
the annihilator of the pullback to Af of the span of the differentials dz 1 , . . . , dz n+1 . 
Let Cj- denote the Lie derivative with respect to T . Then Cj-dz 3 = iTjdz 3 , so if L is 
a CR vector field, then so is [L, 7*]. Since in addition /C and span c T are themselves 
involutive, V is involutive. Thus V is an elliptic structure with VlH V = span c 7". Let 
/3 be the section of V* which vanishes on JC and satisfies (j3, T) = —i. Let D denote 
the operators of the associated differential complex. Then O/? = 0, since j3 vanishes 
on commutators of sections of JC (since JC is involutive) and on commutators of T 
with sections of JC (since such commutators are in JC). 

If the Tj are positive (negative) , this example may be viewed as the boundary of 
a blowup (compactification) of C™ +1 , see [9]. 
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Let now p : F — > AA be a holomorphic vector bundle. Its 6 <9-complex also 
determines a complex along Af, 

(4.11) >C°°(Af;/\ q V*®Fu) ^C^C^A^V^Fv) -»• ••• , 

where D is denned using the boundary operators b db and the isomorphism (14. 7[) : 

(4.12) D((f> ® rj) = ($*r lb 9 6 [$*(0 <g> »;)] 

where $* means $* ® i". These operators can be expressed locally in terms of the 
operators of the complex (|4.5[) . Fix a smooth frame 77^, /1 = 1, . . . , fc, of i* 1 in a 
neighborhood [/ C A4 of po € Af, and suppose 

The cj^ are local sections of b f\ ' A4, and if ^ M (g> is a section of h P\' q M ® F 
over U, then 

Therefore, using the identification (|4.7p , the boundary operator 6 df, is the operator 
given locally by 

(4.13) BX)^®^ =S0O^" +5^w^A^)®tj„ 

where now the </> M are sections of b /\ q V*, the are the sections of V* corresponding 
to the original via $* , and B on the right hand side of the formula is the operator 
associated with V. 

The structure bundle i T ' 1 ^ is locally given as the span of the sections (|3.4p . Ap- 
plying the evaluation homomorphism ^TqfF — »■ CTdF (over Af) to these sections 
gives vector fields on Ftf forming a frame for the elliptic structure Vf inherited by 
Fj\f. Writing V® — evVj, this frame is just 

(4.14) V° -Y^^K^d^, j = l,...,n + l, d?, v = l,.,.,k, 

where now the are the forms associated to the D operator of Fj^. Alternatively 
one may take the D operators of i*V and use the formula (|4.13|) to define a subbundle 
of CTF locally as the span of the vector fields (|4.14p . a fortiori an elliptic structure 
on Fjsf, involutive because 

Du^+^w^Aw^ = 0. 

A 

To obtain a formula for the canonical real vector field Tf in Vf, let Jf be the 
almost complex 6-structure of 'TF and consider again the sections (|3.4[) ; they are 
defined in an open set p _1 (C/), U a neighborhood in AA of a point of AT. Since the 
elements are sections of b T a ' 1 F, 

(4.15) J F fHB^=Qd^. 

Pick a defining function r for Af. Then t = p*r is a defining function for Ftf. 
We may take V n +\ = td x + i Jvd t along U fl Af. Then V n +i = td$ + iJvd x along 
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p -1 (J7) n Fat and so 

J F 5R(i9~ t + iJxd t - ^ C"«, r& + iJtd t )d c ») = 

S(xdi + iJv~d t - J2 C M K- ^ + Vxdjdp) 

along p^iU) n Fa/-. Using (|4.15|) this gives 

J F idi = Jr9 t - 23 ^ C M «, *9 r + iJxd t )d c « . 

Applying the evaluation homomorphism gives 

(4.16) T F = t -23^C M K,^ t + iJra r )a c , 

where T is the real vector field on p~ l {U f)Af) = p _1 (£/) n Fv which projects on 
T and satisfies FC M = for all p. 

Let ft, be a Hermitian metric on F, and suppose that the frame is orthonormal. 
Applying Te as given in (14. 16[) to the function |C| 2 = Yl |C M | 2 we get that 7f is 
tangent to the unit sphere bundle of F if and only if 

{uj v , r<9 r + iJvd v ) — (wf, r3 r + iJtd t ) = 

for all /i, v. Equivalently, in terms of the isomorphism (|4.7p . 

(4.17) {($*)- 1 w^, T) + (C**)- 1 ^, T) = for all /x, i/. 

Definition 4.18. The Hermitian metric /i will be called exact if (|4.17l) holds. 

The terminology in Definition 14. 181 is taken from the notion of exact Ricmannian 
^-metric of Melrose IB, pg. 31]. For such metrics, the Levi-Civita ^-connection 
has the property that ^Vra, = [op. cit., pg. 58]. We proceed to show that the 
Hermitian holomorphic connection of an exact Hermitian metric on F also has this 
property. Namely, suppose that h is an exact Hermitian metric, and let rj^ be an 
orthonormal frame of F. Then for the Hermitian holomorphic connection we have 

- E#, td t ) = (c^, rd r > - «t5 r ) = i«w^, td t + ^Jr^ r > - « xd x + i Jvd t )) 

using that the are of type (0, 1). Thus b V z a t = 0. 

5. Local invariants 

Complex structures have no local invariants: every point of a complex n-manifold 
has a neighborhood biholomorphic to a ball in C" It is natural to ask the same 
question about complex 6-structures, namely, 

is there a local model depending only on dimension for every complex 
6-stucture? 

In lieu of a Newlander-Nirenberg theorem, we show that complex 6-structures have 
no local formal invariants at the boundary. More precisely: 
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Proposition 5.1. Every po € Af has a neighborhood V in AA on which there are 
smooth coordinates x J , j — 1, ...,2n + 2 centered at po with x n+1 vanishing on 
V n Af suc/i that with 

(5.2) L° = ^(d xi + id x i+ n +i), j < n, L° n+1 = hx n+1 d xn +i + id x 2 n +2) 
there are smooth functions 7^ vanishing to infinite order on V fl Af such that 

^ = ^ + E^ 
/c=i 

is a frame for b T°' 1 AA over V. 

The proof will require some preparation. Let r : A4 — > R be a defining function 
for dAA. Let po G Af, pick a hypoanalytic chart {z, i) (cf. (14.41) ) centered at po with 
Tt = 1. Let [/ C A/" be a neighborhood of po contained in the domain of the chart, 
mapped by it to B x (—6, 8) C C™ x K, where i? is a ball with center and 8 is 
some small positive number. For reference purposes we state 

Lemma 5.3. On such U , the problem 

= if, if 6 C°°(J7; A 9+1 V*|c/) andB^ = 

/ios a solution in C°°(U; /\ q V*\u)- 

Extend the functions z J and f to a neighborhood of po in AA. Shrinking U if 
necessary, we may assume that in some neighborhood V of po in AA with V^DclM = 
U, (z,t,i) maps V diffeomorphically onto B x (—(5,5) x [0,e) for some 8, e > 0. 
Since the form /3 t defined in (|4.8I) is D-closed, there is a £ C°°(U) such that 

-iWa = /3 r . 

Extend a to V as a smooth function. The section 

— b dt — 

(5.4) b <9(log r + ia) = — + i b da 

r 

of b A"' L A4 over V vanishes on U, since f3 x + i^a = 0. So there is a smooth section 
(j> of b /\ ' M over V such that 

fc d(logt + ia) = Ke la <\>. 

Suppose £ : U — > C is a solution of B£ = on U, and extend it to V. Then b d£ 
vanishes on U, so again we have 

b d( = te ia ip. 

for some smooth section if of b /\° 1 AA over V. The following lemma will be applied 
for /o equal to log r + ia or each of the functions . 

Lemma 5.5. Let fa be smooth in V\U and suppose that b dfo — ve la ipx with if\ 
smooth on V . Then there is f : V — > C smooth vanishing at U such that b d(fo + f ) 
vanishes to infinite order on U . 

Proof. Suppose that fx,..., /jv-i are defined on V and that 

N-l 

(5.6) b dJ2(™ ia ) k fk = (™ ia ) N i>* 

k=a 
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holds with ipN smooth in V; by the hypothesis, (|5.6[) holds when N = 1. Using 
(EU) we get that b d{xe la ) = (te* a ) 2 0, therefore 

= b d((te la ) N ip N ) = (ve la ) N [ b dipN + Nxe ia (f> A iPn] , 

which implies that b dipN = on U. With arbitrary fjy we have 

N 

^(te^/fc = (te la ) N (^N + b df N + Nxe la f N cp). 

k=0 

Since D^jv = and H^(U) — by Lemma l5T3j there is a smooth function fx defined 

in U such that D/w = —ipN in U . So there is xn such that ipN + v/jy = rc m XJV- 
With such /jv, (|5.6p holds with A + 1 in place of A and some ipN+i- Thus there is 
a sequence {fj}j^i such that (|5.6[) holds for each A. Borel's lemma then gives / 
smooth with 

oo 

/~5>e M ) fc /* onU 

fe=i 

such that B(/o + /) vanishes to infinite order on U. □ 

Proof of Provosition \5. 11 Apply the lemma with /q = logr + ia to get a function 
/ such that b d(fo + f) vanishes to infinite order at U . Let 

x n+l = re -3«+3?/ 5 x 2n+2 = j Rq + ^ 

These functions are smooth up to [/. 

Applying the lemma to each of the functions fo = z J , j = 1, . . . , n gives smooth 
functions Cf such that Cf = z J on U and = to infinite order at U. Define 

x j = nC J , x J+n+1 = , j = l,...,n. 

The functions x J , j = 1 . . . , In + 2 are independent, and the forms 

rf = b dC,j =l...,n, V n+1 = xn+1 l ix i n+ M * n+1 e ix2n+2 ] 

together with their conjugates form a frame for C^TA^ near pg. Let rj{ and r) J 1 
be the (1,0) and (0, 1) components of if according to the complex 6-structure of 
M. Then 

Voa = 2^F k r\ +q J k V ■ 
k 

Since t]q 1 = vanishes to infinite order at U, the coefficients p\ and qj, vanish 
to infinite order at U. Replacing this formula for rf 1 in rf — r\\ + Vo i S e t 

The matrix / — [pi!] is invertible with inverse of the form J+ [Pi] with vanishing 
to infinite order at U. So 

(5-7) rf Y^-iJt 5>£ • 'V'ho 

k k 
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with suitable 7^ vanishing to infinite order on U. Dehne the vector fields as in 
flO}. The vector fields 

I J =I j+H^ L °' j = l,...,n + l 

k 

are independent and since (L^,r/ fc ) = and (L®,i] k ) = 5j, they annihilate each of 
the forms on the left hand side of (|5.7[) . So they annihilate the forms r/i , which 
proves that the Lj form a frame of b T°' 1 Ai. □ 

6. Indicial complexes 

Throughout this section we assume that Af is a connected component of the 
boundary of a compact manifold Ai. Let 

(6.1) > C°°(M; E q ) ^ C°°(M;E q+1 ) 

be a 6-elliptic complex of operators A q e D\Sl(M;E q , E q+1 ); the E q , q = 0, . . . , r, 
are vector bundles over AL 

Note that since A q is a first order operator, 

(6.2) A q (fcf>) = fA q <f> - i V(^)( b d/)(0). 

This formula follows from the analogous formula for the standard principal symbol 
and the definition of principal ^-symbol. It follows from (|6.2|) and (|2.8j) that A q 
defines an operator 

A^iDiff 1 ^;^,^ 1 ). 
Fix a smooth defining function r : Ai — > K for dAi, r > in the interior of Ai, let 

A q (<r) :Vm 1 b {N- : E q f ,E q + 1 ), aeC 

denote the indicial family of A q with respect to r, see (|A.5j) . Using (|6.2|) and defining 

A t , q = b *(A q )(™), 
the indicial family of A q with respect to r is 

(6.3) A q (a) = A b , q + aA x , q : C°°{Af;E q H ) -> C°°(AA;^ +1 ). 
Because of (IA.4I) . these operators form an elliptic complex 

(6.4) ► C°° (Af; E q M ) C°° (TV; E^ 1 ) -> • • • 

for each a and each connected component AT of 9.M. The operators depend on 
r, but the cohomology groups at a given a for different defining functions t are 
isomorphic. Indeed, if r' is another defining function for dAi, then r' = e u t for 
some smooth real- valued function u, and a simple calculation gives 

(A b , q + aA r , 9 )(e ICT » = e l ° u (A Kq + *A t ,, q )<t>. 

In analogy with the definition of boundary spectrum of an elliptic operator A 6 
DifFf (M;£,F), we have 
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Definition 6.5. Let Af be a connected component of dAi. The family of complexes 
dS3]), a g C, is the indicial complex of (|6TT|) at A/". For each a € C let H q A{rj) (N) 
denote the g-th cohomology group of (|6.4[) on TV. The g-th boundary spectrum of 
the complex (|6.1[) at TV" is the set 

spec^(A) = {aeC:^ (CT) (AA)^0}. 

The g-th boundary spectrum of A is spec' (A) = {Jj^specf, j^(A). 

The spaces (•A/') are finite-dimensional because (|6.4[) is an elliptic complex 

and TV is compact. It is convenient to isolate the behavior of the indicial complex 
according to the components of the boundary, since the sets spec' A ^(A) can vary 
drastically from component to component. 

Suppose that Ad is a complex 6-manifold. Recall that since 

b ~& e DiSl(M; b /\°' q M, b /\°' 9+1 M), 

there are induced boundary operators 

b d b eDiS\Af; b Al q M, b A°J +1 M) 

which via the isomorphism (|4.1[) become the operators of the D-complex (|4.5I) . 
Combining (f2TTT]) and (|27l3|) we get 

and using (|4.8j) we may identify b <9&(er), given by ()6.3|) . with the operator 

(6.6) V(a)(j) = ~B(f) + ia(3 T A </j. 

If E — > A4 is a holomorphic vector bundle, then the indicial family of 

b d G Diff^M; b A°' q M ® £, h A°' 9+1 /V( ® £) 

is again given by (|6.6p . but using the operator D of the complex (|4. 1 1 1) . 

Returning to the general complex (|6.ip . fix a smooth positive 6-density m on 
A4 and a Hermitian metric on each E q . Let A* (a) be the indicial operator of 
the formal adjoint, A*, of A q . The Laplacian O q of the complex (|6.1[) in degree q 
belongs to Diff^TW; E q A4), is o-elliptic, and its indicial operator is 

n q (a) = A q (a)A q (a) + A^x^A^a). 

The ^-spectrum of O q at TV, see Melrose [5] , is the set 

spec biA/ -(D g ) = {a 6 C : Q 9 (ct) : C°°{N]E q ^) -> C°° (JV; % ) is not invertiblc}. 

Note that unless a is real, □g(c) is not the Laplacian of the complex (|6.4[) . 

Proposition 6.7. for each q, spec'^(A) C spec b ^(D 9 ). 

Note that the set spec b j^(O q ) depends on the choice of Hermitian metrics and 
^-density used to construct the Laplacian, but that the subset spec* ^( A) is inde- 
pendent of such choices. For a general o-elliptic complex (|6.1[) it may occur that 
spec^A^A) 7^ s P ec b,Af (O?)- I n Example 16.131 we show that spec* j^( b d) C {0}. As 
is well known, spec b A ^(A 9 ) is an infinite set if dimA/f > 1. At the end of this 
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section we will give an example where spec° j^/{ b d) is an infinite set. A full discus- 
sion of spec* A/ -( b 9) for any q and other aspects of the indicial complex of complex 
^-structures is given in Section [9] 

Proof of Proposition \6. 7\ Since \3 q is ^-elliptic, the set spec b _^(D g ) is closed and 
discrete. Let H 2 (J\f; Ejr) be the L 2 -based Sobolev space of order 2. For a ^ 
s P ec &,A/-( n ?) let 

g q (o-):L 2 (Af;E&^H 2 (Af;E& 

be the inverse of □ 9 (<t). The map a M> Q q {o~) is meromorphic with poles in 
spec b (D g ). Since 

A^o) = [A q (w)r 

the operators O q (a) are the Laplacians of the complex (|6.4[) when a is real. Thus 
for a e K\(spec fcJV -(p g ) U spec b;A ^(D g+ i)) we have 

A q (a)G q (a) = g q+1 (a)A q {a), A q (a)*g q+1 (a) = g q (*)A q (a) 

by standard Hodge theory. Since all operators depend holomorphically on er, the 
same equalities hold for a e D\ = C\(spec b ^(O q ) U spec b A /-(D 9 +i)). ft follows that 

A q {a)A q {a)g q {a) = g q (a)A q (a)A q (a) 

in D\. By analytic continuation the equality holds on all of C\ spec fe j^(D q ). Thus if 
o o ^ spec b JV -(D g ) and is a ^4 g (cro)-closed section, A q (ao)4> = 0, then the formula 

(f>= [A q (o- )A q (o- ) + A q - 1 (aa)A q _ 1 (o-o)}g q (ao)<l> 

leads to 

= A q - 1 (a a )[A q _ 1 (a a )g q (o-o)(t>}- 
Therefore cto ^ spec* A). □ 

Since O q is 6-elliptic, the set spec b j^(O q ) is discrete and intersects each horizontal 
strip a < Scr < b in a finite set (Melrose [6]). Consequently: 

Corollary 6.8. The sets spec* \j{A), q = 0, 1 ... , are closed, discrete, and intersect 
each horizontal strip a < 3er < b in a finite set. 

We note in passing that the Euler characteristic of the complex (|6.4I) vanishes 
for each a. Indeed, let <tq £ C. The Euler characteristic of the ^4(ao)-complex is 
the index of 

A(a ) + A(a y : C°°(A^) C°°(AA;£*). 

q even q odd 

The operator A q (a) is equal to Ab. q + aA t , q , see (|6.3p . Thus „4 g (c)* = + W A* q , 
and it follows that for any cj, 

^l(cr) + A(a)* = A(a ) + A(a )* + [n - a )K x + (a - a )A* 

is a compact perturbation of A(o-q) +A(uq)*. Therefore, since the index is invariant 
under compact perturbations, the index of A(<r) +A(a)* is independent of a. Then 
it vanishes, since it vanishes when a ^ [J^ spec* ^(A). 

Let 9Jlero*(A/') be the sheaf of germs of C°° (J\f; E q )- valued meromorphic func- 
tions on C and let fjo[*(AT) be the subsheaf of germs of holomorphic functions. 
Let &(N) = OTeto*(A0/£o[*(A0- The holomorphic family a h-> A q {a) gives a 
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sheaf homomorphism A q : Ttno q (Af) -> 9Jteto 9+1 (AT) such that Aq(Sjol 9 (Af)) C 
f)ol 9+1 (Af) and A q +i ° A q — 0, so we have a complex 

(6.9) > 6 q (Af) 6 9+1 (7V) 

The cohomology sheafs $) q A (J\f) of this complex contain more refined information 
about the cohomology of the complex A. 

Proposition 6.10. The sheaf $) q AN) is supported on speCj^(A). 
Proof. Let <t G C be such that H 9 ^, AAf) — and let 

fe=i v u; 

M > 0, fc G C°°(J\f; A q V*), represent the Aclosed element [</>] of the stalk of 6 9 (A/") 
over (To- The condition that .Ag^] = means that A q (o~)4>(o~) is holomorphic, that 
is, 

In particular ^ g (cr o )0 M = °- Since ^Vo)^ = °' there is ^ e C°°(Af; E^ 1 ) 
such that vA 9 _i(cto)Vv = 0m- This shows that if /x = 1, then [0] is exact, and that 
if /i > 1, then letting 0'(c) = 0(c) — A q -\ (a)^ ^ j {o — <7o) M , that (f> is cohomologous 
to an element [4>'\ represented by a sum as in (|6 . 1 1 1) with fi — 1 instead of \l. By 
induction, [</>] is exact. □ 

Definition 6.12. The cohomology sheafs ff A {M) of the complex (|6.9|) will be 
referred to as the indicial cohomology sheafs of the complex A. If [</>] G f)^(A/") is a 
nonzero element of the stalk over Co, the smallest /i such that there is a meromorphic 
function (|6.1ip representing [(/>] will be called the order of the pole of [(/>]. 

The relevancy of this notion of pole lies in that it predicts, for any given cohomol- 
ogy class of the complex A, the existence of a representative with the most regular 
leading term (the smallest power of log that must appear in the expansion at the 
boundary). We will see later (Proposition I9.5[) that for the &-Dolbeault complex, 
under a certain geometric assumption, the order of the pole of [<fr] G £j^(A/")\0 is 1. 

Example 6.13. For the 6-de Rham complex one has spec q b ^( b d) C {0} and 

for each component N of dA4, and that every element of the stalk of Sj 9 d (Af) 
over has a representative with a simple pole. By way of the residue we get an 
isomorphism from the stalk over onto Hl K (Af). 

Since the map (|2.4p is surjective with kernel spanned by xd z , the dual map 

(6.14) ev^- : T*N -> 

is injective with image the annihilator, H, of tdt. Let i vdz : b A\fM -)• b Alf M 
denote interior multiplication by r<9 r Then A q H = ker(i r a t : h A%M -> YVjV" M). 
The isomorphism (|6.14p gives isomorphisms 

ev^ : A q M -+ U q 
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for each q. Fix a defining function c for J\f and let II : b /\ q Js fM — > b /\%-M be the 
projection on W. q according to the decomposition 



%%M =U q ® — AH 9 ' 1 , 



h ^ -. ■■ i = n 

r 

that is, 



b dx: 

U(j) = (j) —A i t9t 4>. 

If 0° e C°°{N,W) and 4) 1 G C°°{M,W~ 1 ), then 

bJ r bJ r 

h d{4>° + — a 1 ) = n V + — a (-nV). 

r r 

Since 

b r/r 

x- tah dK ta 4> = h d<f> + l<7— A4>, 
r 

the indicial operator V(a) of b <i is 

v(a)U + — a <f> v ) = n b d(/) + — a (1(70° -nV). 

r r 

If V(a)(<j) + "-f A (j) 1 ) = 0, then of course n b d(/> = and iacf = n 6 #\ and it 
follows that if a ^ 0, then 

h r/r 1 

(00 H A 1 ) = V(a) — (j> 1 . 

r zcr 

Thus all cohomology groups of the complex 2?(ct) vanish if a ^ 0, i.e., spec*_^( b cZ) C 
{0}. 

It is not hard to verify that 

Ii b d ev^/- = ev^-d. 

Since 

t^dt^ = 6 # + ia^ A0, 
the indicial operator of b d at cr = can be viewed as the operator 

AW AV 



d 
-d 



From this we get the cohomology groups of T>(0) in terms of the dc Rham coho- 
mology of Af: 

Thus the groups H^, JAf) do not vanish for q — 0, 1, dim M — 1, dimAl but may 
vanish for other values of q. 

We now show that every element of the stalk of Sj 9 d (Af) over has a representative 
with a simple pole at 0. Suppose that 

(6-15) 0(ff)= ^_^o + _ A0 i 

fe=i ^ 
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is such that T>{a)(j){a) is holomorphic. Then 



" 1 ^-^a^+^a|V^ +i ! =0. 



t 




E 

fc=i 

hence dcf)® = 0, = and </>° = —id(f>\_ v k = 2, . . . , fi. Let 

|U+1 



Then 



fe=2 



V{a)^{a) = -i V nrd^J.! + — A ^ 



fc=2 fc=2 
fe=2 fe=l 

SO 

^((r) - 2?(<7)^(<r) = 

a 

The map that sends the class of the X>(cr)-closed element (I6.15[) to the class of 
in HffJAf) is an isomorphism. 

Example 6.16. As we just saw, the boundary spectrum of the d complex in degree 
is just {0}. In contrast, spec° jV -( b 9) may be an infinite set. We illustrate this in 
the context of Example 14.101 The functions 

z a = (z 1 )" 1 •••(z n+1 ) Q "+\ 

where the aj are nonnegative integers, are CR functions that satisfy 

7V* = 

This implies that 

Bz" + Tjaj)fiz a = 

with /3 as in Example 14. 10[ so the numbers a a — (—i T j a j) belong to spec° j^{ b d). 

For the sake of completeness we also show that if a £ spec° A ^( b 9), then a = a a 
for some a as above. To see this, suppose that C : S 2n+1 — > C is not identically 
zero and satisfies 

DC + iaQP = 

for some a ^ 0. Then Q is smooth, because the principal symbol of D on functions 
is injective. Since (/?, T) = —i, 

TC + a( = 0. 

Thus C( a «(p)) — e ~ at ({p) f° r an Y P- Since |C(<*t(p))| is bounded as a function of t 
and C is not identically 0, a must be purely imaginary. Since £ is a CR function, 
it extends uniquely to a holomorphic function ( on B = {z 6 C™ +1 : ||z|| < 1}, 
necessarily smooth up to the boundary. Let £t = f o at- This is also a smooth 
CR function, so it has a unique holomorphic extension £ t to B. The integral curve 
through z = (zq, . . . , z^ +1 ) of the vector field T is 

i^a t (z )-(e lTlt z 1 ,...,e lr "+ lt z u l+1 ) 
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Extending the definition of at to allow arbitrary z G C™ +1 as argument we then 
have that ( t = C ° °t- Then 

dtCt +<r( t = 

gives 

C(z) = ]T c Q z Q 

{a:T-a— «(t} 

for \z\ < 1, where t = (n, . . . , r„+i). Thus er = — i^Tjetj as claimed. Note that 
3(7 is negative (positive) if the Tj are positive (negative) and a ^ 0. 

7. Underlying CR complexes 

Again let o : M x A/" — > A/" be the flow of T. Let £7- denote the Lie derivative 
with respect to T on dc Rham g-forms or vector fields and let \j- denote interior 
multiplication by T of dc Rham q- forms or of elements of /\ q V*. 

The proofs of the following two lemmas are elementary. 

Lemma 7.1. If a is a smooth section of the annihilator of V in CT*Af, then 
(L-ra)\y = 0. Consequently, for each p G J\f and i £ 1, dat : CT p J\f — > CT^^Af 
maps V p onto V at ( p ). 

It follows that there is a well defined smooth bundle homomorphism ajf : [\ q V* — > 
A q v* covering a_i. In particular, one can define the Lie derivative Cf(p with respect 
to T of an element in G C°°(Af; A ? V*). The usual formula holds: 

Lemma 7.2. If cf> G C°°(J\f; A q V*), then L T <f> = i r D0 + Di r 0. Consequently, for 
each t and<j)E C°°(Af; A^V*), Da* t 4> = o t *D0. 

For any defining function r of TV in M. , IC? = ker f3 t is a CR structure of CR 
codimension 1: indeed, IC t n /C r C span c T but since {{3 K ,T) vanishes nowhere, we 
must have K. H JC = 0. Since JC © /C © span c T = CTAf, the CR codimension is 1. 
Finally, if V, W G C°°(Af; ~JC t ), then 

[y, W]) = V(r3 t , W) - W(f3 x , V) - 2D0(V, W), 

Since the right hand side vanishes, [V, W] is again a section of JC X . 

Since V = JC t © span c 7", the dual of /C r is canonically isomorphic to the kernel of 
\-f : V* — > C. We will write JC for this kernel. More generally, A\JC X and the kernel, 
A 9 JC* , of ij- : f\ 9 V* — > A 9 V* are canonically isomorphic. The vector bundles 
A q r are independent of the defining function r. We regard the ^-operators of 
the CR structure as operators 

C°°(JV;A q lC*) -> C°°(M; A q+1 JC*). 

They do depend on t but we will not indicate this in the notation. 
To get a formula for db 1 let 



(so that (i[3 x ,T) = 1). The projection IT : AV ->• A"V* on A^* according to 
the decomposition 

(7.3) A q v* = A q r ©i/3 t AA 9_1 r 
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IS 

(7.4) n r = - t A \ T (t>. 

/C t with A described above, the db- 
operators of the CR structure JC X are given by 

(7.6) d b (f> = n r D0 if (freC 00 (TV, A 9 £* ) , 

Proof. Suppose that (z,t) is a hypoanalytic chart for V on some open set U, with 
Tt = 1. So <9jm, /x = 1 . . . , n, T = dt is a frame for V over U with dual frame Bz M , 

m. if 

n 

then 

L^= dz^ - ^d u |U = 1, ...,n 
Po 

is a frame for /C t over [/. Let ^ denote the dual frame (for K.*). Since the L M 
commute, c^r^ = 0, so if <p — S|j|=g < Ar'7 J i then (with the notation as in eg. 
Folland and Kohn 0) 



\J\=g+l \I\=q M 



On the other hand, the frame of V* dual to the frame L^, \i = 1, . . . , n, T of V is 
Dz M , i/3 t , and the identification of /C r with /C* maps the rf to the Dz M . So, as a 
section of A V*, 

<)>= <f>i Dz J 

|/|=9 

and 

D0= ^ e'f'L^i 3z J + i/8 t A T^j Wz 1 . 

\J\=q+l \I\=q \I\=q 

Thus n r D0 is the section of A K- associated with db<f> by the identifying map. □ 

Using (J73J) in dZHJ) and the fact that i r D^ = if ^ G C°°(Af; A ? K*) we get 

(7.7) ~8b4> = — ij3 t A £7-^ if g C°°(N,/\ q JC*). 

The D operators can be expressed in terms of the db operators. Suppose (f> G 
C°°(Ar; A ? V*). Then = 0° + X A 1 with unique (jP G C°°(Af; A Q lC*) and 
1 £ C°°(N'; A q ' 1 lC*), and 

= d b </>° + i/3 t A£ r <?!) , 

see ([777]) . Using 



A 1 ) = z/3 r A ( - A 1 - D0 1 ) = i/3 r A ( — ^1 A 1 - d^ 1 ). 



and (|7.7|) again we get 
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This gives 

C°°{N; t\ q lC) C°°(AA;A 9+1 ^) 

C°°(Af;A q ~ 1 ]C*) C°°(Af;/\ q lC*) 

Since T itself is 7~-invariant, i-rajf = a£ if. the sub-bundle K, of V* is invariant 
under for each t. This need not be true of /C t , i.e., the statement that for all i, 
dat(JCt) C /C t , equivalently, 

L e C°° (M:lC r ) => [r,L}eC°°(M;lC t ), 

may fail to hold. Since D/3 t = 0, the formula 

= T(f3 t ,L) - L((3 V ,T) - (p v ,[T,L}) 

with L e C°°(J\f; JC t ) gives that /C t is invariant under da t if and only if La t = 
for each CR vector field, that is, if and only if a t is a CR function. This proves 
the equivalence between the first and last statements in the following lemma. The 
third statement is the most useful. 

Lemma 7.9. Let x be a defining function for N in M. and let db denote the oper- 
ators of the associated CR complex. The following are equivalent: 

(1) The function a r is CR; 

(2) £ T P? = 0; 

(3) Cjd b - d b Cr = 0; 

(4) IC t is T -invariant. 

Proof. From (3 t = (a t — i)if3 t and Crfit = ©flr we obtain 
Da r = {Cra t )i(i t + (a r — i)iCr$t, 

so 

dba-c = Da r — {Cq-a t )ij3 t = (a t — i)iCq-f3 t . 

Thus a t is CR if and only if Cf(5 t = 0. 

Using £ r D = OCr and the definition of db we get 

C r db4> = £r(D0 - 0t A L r <t>) = d b C T (f> - i{C T Pt) A C T 4> 

for 4> G C°°(AA; N q K*). Thus C T d b - d b C T = if and only if £ T Pt = 0. □ 

Lemma 7.10. Suppose that V admits a T -invariant metric. Then there is a defin- 
ing function r for M in M such that a t is constant. Ifv andx' are defining functions 
such that a t and a t > are constant, then a t = a t > . This constant will be denoted a av . 

Proof. Let h be a metric as stated. Let H ' 1 be the subbundle of V orthogonal 
to T. This is T-invariant, and since the metric is T-invariant, 'H 0,1 has a T- 
invariant metric. This metric gives canonically a metric on H 1 ' = % 01 . Using the 
decomposition CTAf = H 1 ' ©"H ' 1 ©span c T we get a T-invariant metric on CTJ\f 
for which the decomposition is orthogonal. This metric is induced by a Riemannian 
metric g. Let mo be the corresponding Riemannian density, which is T-invariant 
because g is. Since D, h, and mo are T-invariant, so are the formal adjoint D of 
D and the Laplacians of the D-complex, and if G denotes the Green's operators for 
these Laplacians, then G is also T-invariant, as is the orthogonal projection II on 



(7.8) 



C T -d b - - 



d h a z 
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the space of D-harmonic forms. Arbitrarily pick a defining function r for Af in AA. 
Then 

a r - GD*Da v = Ua v 

where IIa r is a constant function by Lemma Since (3 Z is D-closcd, Da r = Cff3 x . 
Thus GB Da r = TGB /3 r , and since a r is real valued and T is a real vector field, 

a r - T3£GO*/3 r = 3fffla r . 

Extend the function u = 5RGB /3 r to A4 as a smooth real-valued function. Then 
r' = e~ u t has the required property. 

Suppose that r, r' are defining functions for Af in AA such that a x and <v are 
constant. Then these functions are equal by Proposition 14.91 □ 

Note that if for some r, the sub-bundle JC t is T-invariant and admits a T invariant 
Hermitian metric, then there is a 7~-invariant metric on V. 

Suppose now that p : F — > AA is a holomorphic vector bundle over AA. Using 
the operators 

5 : C°°(Af; A q V* ® Fv) -> C°°(Af; A q+1 V* © Fa/), 
see (|4.12j) . define operators 

(7.11) >C 00 (M;A q lC*®F M )^C 00 {M;A q+1 lC*®F M )^--- 

by 

9^ = n t D0, <p e G°° (AT; A 9 /C* (8 Fv) 

where II r means II r © / with II t defined by fjT.4[) . The operators (|7. 1 1|) form a 
complex. Define also 

C r = i r B + Bi r 
wherc if stands for if © F Then 

i r £ r = C r i r , £tD = ©£r- 
The first of these identities implies that the image of C°°(Af; A q lC* <g> Fv) by C T 
is contained in C°°(Af; A'^C © Fv)- With these definitions, D as an operator 

C™{Af;A q 1C* ®F U ) C°°{N;A q+1 lC ©Fv) 
D : © -> © 

C°°(Af; A q l lC* © F^) G°°(AA; A ? £* © Fv) 

is given by the matrix in (JT75J) with the new meanings for 9^ and £7-. 

Assume that there is a T- invariant Riemannian metric on Af, that r has be chosen 
so that a t is constant, that K, x is orthogonal to T, and that T has unit length. Then 
the term involving dba z in the matrix (|7.8[) is absent, and since ID 2 = 0, 

Write for the metric induced on the bundles A^V* or A Q 1C ■ 

If r)u, ji = 1, . . . , k is a local frame of F/V over an open set U G Af and is a 

local section of A^V* © Fv over U, then for some smooth sections (/> M of A ? V* and 
of V* over U, 

£i /J, IS fl 
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This gives 

/J. V fJ, 

and 

^ ^ 

Suppose now that hp is a Hcrmitian metric on F. With this metric and the 
metric hy* we get Hermitian metrics h on each of the bundles f\ q V* (8> -FV- If 77^ 
is an orthonormal frame of Fj^ and <j> = 4>^ (g> f]^ , ip = ^ ip^ (g> 77^ are sections of 
A ? V* (» Fjv, then 

Therefore 

h(£ T <l>,1>) + h(<f>,£'rt>) 

11,1/ 

Thus Th(<p, tp) = h{Cf4>, VO + ^-( < / ) ) £tV0 if an d only if 

(7.12) (u%, T) + (w£,T> - for all fx, v. 

This condition is (|4. 1T[) : just note that by the definition of D, the forms 
in (|4.17j) are the forms that we are denoting here. Thus (|7.12[) holds if and only 
if hp is an exact Hermitian metric, see Definition (|4.18p . 
Consequently, 

Lemma 7.13. The statement 

(7.14) Th{^) = h(C r 4>A) + h(4>,C r i>) V</)>eC 00 (AA;A 9 V*®F AA ) 
holds if and only the Hermitian metric hp is exact. 

8. Spectrum 

Suppose that V admits an invariant Hermitian metric. Let r be a defining func- 
tion for M in M. such that a t is constant. By Lemma (|7.9I) /C t is T-invariant, 
so the restriction of the metric to this subbundle gives a "/"-invariant metric; we 
use the induced metric on the bundles A fC in the following. As in the proof of 
Lemma 17.101 there is a 7~-invariant density mo on Af. 

Let p : F — > A4 be a Hermitian holomorphic vector bundle, assume that the 
Hermitian metric of F is exact, so with the induced metric h on the vector bundles 
A q V* ® Fx, CLE]) holds. We will write F in place of F^. 

Let d b be the formal adjoint of the b d operator (|7.1ip with respect to the inner 
on the bundles A*^ <8> F and the density trio, and let = dbd b + d b db be the 
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formal <9b-Laplacian. Since —iCf is formally selfadjoint and commutes with db, Lj- 
commutes with Ob, q . Let 

M>*(Af;F) = kerD M = {0 e L 2 (N; A q T ® F) : D biq <f> = 0} 

and let 

Doni,(£ T ) = {<f> G J^(Af; F) and C T <t> G (Af; F)}. 

The spaces (A/"; i* 1 ) may be of infinite dimension, but in any case they are closed 

subspaces of L 2 (Af; A Q IC* ® F), so they may be regarded as Hilbert spaces on their 
own right. If G ^ (Af; F )> the condition £ r G (Af; F) is equivalent to the 
condition 

£ r 6 L 2 (Af;l\ q K* ®F). 
So we have a closed operator 

(8.1) - iC T : Dom g (£ r ) c JC 9 (Af; F) -»• je 9 (A/ - ; F). 

The fact that Dj,^ — £7- is elliptic, symmetric, and commutes with Cj- implies that 
(|8.1[) is a selfadjoint Fredholm operator with discrete spectrum (see [131 Theorem 
2.5]). 

Definition 8.2. Let speCg(— iLf) be the spectrum of the operator (|8.ip . and let 

■JS^ (Af; F) be the eigenspace of —iCj- in J^l 9 (Af; F) corresponding to the eigen- 
value r. 

Let r denote the principal symbol of —iT. Then the principal symbol of Cj- 
acting on sections of A K. is rJ. Because Ob, q — is elliptic, Cb.ar(n& jg ), the 
characteristic variety of Ob, q , lies in t ^ 0. Let 

Char ± (D 6 ,g) = {v G Char(D M ) : t» ^ 0}. 

By [13l Theorem 4.1], if O b . q is microlocally hypoelliptic on Char ± (Db j9 ), then 

{r G spec^(— i£r) : r ^ 0} 

is finite. We should perhaps point out that Char(Dfc i9 ) is equal to the characteristic 
variety, Char(/C r ), of the CR structure. 

As a special case consider the situation where F is the trivial line bundle. Let 
8-c be the real 1-form on Af which vanishes on /C t and satisfies (0 t ,T) = 1; thus 9 V 
is smooth, spans Char(/C r ), and has values in Char + (/C r ). The Levi form of the 
structure is 

Levig t (v, w) = —idO^v^w), v, w G /C r , p , peAf. 
Suppose that Levig t is nondegenerate, with k positive and n—k negative eigenvalues. 
It is well known that then Db,q is microlocally hypoelliptic at v G Char/C r for all q 
except if q = k and t(v) < or if q = n — k and t(v) > 0. 
Then the already mentioned Theorem 4.1 of [T3] gives: 

Theorem 8.3 ( |13[ Theorem 6.1]). Suppose that V admits a Hermitian metric and 
that for some defining function r such that a r is constant, Levie t is nondegenerate 
with k positive and n — k negative eigenvalues. Then 

(1) spec 9 ^— iCf) is finite if q ^ k, n — k; 

(2) spec^— iC-r) contains only finitely many positive elements, and 

(3) specQ~ fc (— iCf) contains only finitely many negative elements. 
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9. Indicial cohomology 

Suppose that there is a T-invariant Hermitian metric h on V. By Lemma \7. 101 
there is a defining function r such that (/3 r , T) is constant, equal to a av — i. Therefore 
/C t is T- invariant. Let h be the metric on V which coincides with h on /C r , makes the 
decomposition V = /C r ffispan c T orthogonal, and for which T has unit length. The 
metric h is T-invariant. We fix r and such a metric, and let mo be the Riemannian 
measure associated with h. The decomposition (|7.3[) of /\ q V* is an orthogonal 
decomposition. 

Recall that T>{a)<j) = J3<j) + icrf3 t A <j). Since a r = a av is constant (in particular 
CR), 

V{a){<jP + z/3 r A 1 ) = 9 6 o + ift A [(£ T + (1 + ia av )a)0 o - d^ 1 ] 

if (j>° G C°°(TV; A%) and G C*°°(TV; A 9 ^*). So P(cr) can be regarded as the 
operator 

C°° (TV; A q T z ) C°° (TV; A 9+1 /C* ) 

e -> © 

C-'^A*" 1 ^) C°°(Af;A q TC* t ). 

Since the subbundles A ? AC r and /3 A A 9 1 /C r are orthogonal with respect to the 
metric induced by h on f\ q V, the formal adjoint of T>(a) with respect to this metric 
and the density mo is 

C°°(M;/\ q+1 lC* t ) C°°(AA;A%) 
© -> © 

c°°(yv ; A%) c°°(Ar;A q ~ l, KZ) 

where c* h is the formal adjoint of d b - So the Laplacian, Dp( CT ) 9 , of the 2?(ci)-complex 
is the diagonal operator with diagonal entries P q (a), P q -\{a) where 

P q {a) = n b>q + {Cr + (1 + ia av )a)(-£r + (1 - ia av )a) 

acting on C°°(TV; /\ q IC t ) and P q -i(a) is the "same" operator, acting on sections of 

A 9 K. t ; recall that L-j commutes with db and since L\ = —Ctj also with d b , and 
that a av is constant. Note that Pq(cr) is an elliptic operator. 

Suppose that cj> G C°°(TV; A%) is a nonzero element of ker P q (a); the complex 
number a is fixed. Since P q {o) is elliptic, ker P q {cr) is a finite dimensional space, 
invariant under —iCj- since the latter operator commutes with P q (a). As an oper- 
ator on kerP,j(<7), —iCj- is selfadjoint, so there is a decomposition of ker P q (a) into 
eigenspaces of —iCr- Thus 

N 

where the are distinct real numbers and <j>j G ker P 9 (er) , <j>j ^ 0. In particular, 

Ob, q (f>j + (C T + (1 + ia av )<r)(-£r + (1 - ia av )a)(j)j = 0, 
for each j, that is, 

□&,<7<Aj + Kt$ + (1 + ia av )a\ 2 (j)j = 0. 
Since is a nonnegative operator and tfij ^ 0, lYj + (1 + ia av )a = and </>j G 
kerDb jg . Since a is fixed, all Tj are equal, which means that TV = 1. Conversely, if 



(9.1) V{a) 



Cr + (1 + ia a 







23(a)* 



<9 b -£r + (1 - ja a v)o- 

o -X 
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4> € C°°{N] l\ q ~K,* z ) belongs to kerD 6)9 and -i£ T (/) = t<J), then P q (o-)(f) = with a 
such that t — {i — a av )cr. 

Let ^ (ff) (A0 be the kernel of □© ((T) , g - 

Theorem 9.2. Suppose that V admits a T -invariant metric and let r be a defining 
function for J\f in M. such that (/3 t , T) — a av — i is constant. Then 

s P ec 6,AA(^) = (* - a av) _1 spec q (-iC r ) U (i - a av ) _1 spec^ 1 (-iC T ), 

and if a 6 spec' ^(W), then, with the notation in Definition \8.2\ 

(TV) = (AO e ^T 1 , ,(ao 

wraf/i t(ct) = (i — a av )<7. 

If the CR structure /C r is nondegenerate, Proposition 18.31 gives more specific 
information on spec' u-^d). In particular, 

Proposition 9.3. With the hypotheses of Theorem Iff. ,21 suppose that Levi§ c is 
nondegenerate with k positive and n — k negative eigenvalues. If k > ; then 
specie C {cr € C : Scr < 0}, and i/n-fc > 0, then spec^ Af ( b d) C {a e C : Scr > 0}. 

Remark 9.4. The 6-spectrum of the Laplacian of the & <9-complex in any degree can 
be described explicitly in terms of the joint spectra spec(— iCf, Db.q)- We briefly 
indicate how. With the metric h and defining function r as in the first paragraph 
of this section, suppose that h is extended to a metric on b T 0,1 A4. This gives a 
Riemannian b- metric on M that in turn gives a 6-density monM. With these we 
get formal adjoints b d whose indicial families T> (cr) are related to those of b d by 

V\a) = §V) = [%(?)]* = V{af. 

By (EU, 

d b -Cr + (1 - «a av )cr 



V (a) 



o -3* 



Using this one obtains that the indicial family of the Laplacian D q of the b <9-complcx 
in degree q is a diagonal operator with diagonal entries P q (&), P' 1 (cr) with 

P ? '(o-) = Db.g + [fir + (1 + ia av )a)(-£ T + (1 - *a a v)cr) 

and the analogous operator in degree q — 1. The set spec & (D g ) is the set of values 
of cr for which either P q (cr) or Pq_i(c) is not injective. These points can written in 
terms of the points spec(— iCj-, ^b) as asserted. In particular one gets 

spec 6 (D g ) C {cr : |3?ct| < lawH^cr]} 

with spec' j^f( b d) being a subset of the boundary of the set on the right. 

We now discuss the indicial cohomology sheaf of b d, see Definition 16.121 We will 
show: 

Proposition 9.5. Let ao £ spec' ^ ( fc 9). Every element of the stalk of S^{N) at 
(To has a representative of the form 



a - ao 







where 4>° <E ^' (Af), To = (i — a av )cr - 
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Proof. Let 
(9.6) 



E 

fc=i 



(a - cr ) fe 



represent an element in the stalk at ao of the sheaf of germs of C°°(Af; f\ q V* <8 F)- 
valued meromorphic functions on C modulo the subsheaf of holomorphic elements. 
Letting a = 1 + ia av we have 



V(o-Ma) = 



1 



(Cr + oia )4> k - d b 4>\ 



E 

k=0 



(a - a ) k 





t>° k+ i 



so the condition that "D(a)<f>(a) is holomorphic is equivalent to 



(9.7) 
and 

(9.8) 



d b( jP k = 0, k = 1, 



(£ r + a<7 )<-a 6 ^ = 0, 



(£r + "^0)0° - d b (t)\ + a(jP k+1 =0, fc = 1, . . . , n - 1. 
Let P q i = Dj,^/ — £7- in any degree q 1 . For any (r, A) £ K 2 and q' let 

£ T 9 ' A = £ C°°{N; A q 'v* ® F) : P g 'V = A^, -iC T ^ = Tip}. 

This space is zero if (r, A) is not in the joint spectrum S 9 = spec 9 (~iC-r, P q >). Each 
<t>\ decomposes as a sum of elements in the spaces £*~\ 1 i T ^) S £ 9 ~'. Suppose 
that already <f> k e £ q ~x' 



Then 
(9.9) 



P,_i# = Xf k , 
becomes 



(ir + aa ) 



0,1, fc = 1, 



0&<# = 0, 



(it + aa a )(j) Q k - 9 b 0fc + o^fc+i =0, k = 1, . . . , fi - 1. 
If r 7^ ro, then ir + aco ^ 0, and we get <^>° = 9b "0° f° r au & with 



fi—k 

^ = E 



j=0 



(ir + ao- ) J 



Trivially 
and also 



-r - 



so 



• Q^oJV'fc + "V'fc+i = 0k) fc = l,...,M~L 
1 











modulo an entire element. 

Suppose now that the 4> l k are arbitrary and satisfy (|9.7[) - (|9.8|) . The sum 



(9.10) 



*= E 

(T,A)eE«- 



t, A 
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converges in C°°, indeed for each N there is Ci.k.N such that 
(9.11) sup ||$ iTfA (p)|| < Ci, k , N (l + X)- N for all r, A. 

Since T>(a) preserves the spaces £ 9 A ® , the relations 
for each (r, A) . Therefore, with 

(T,A)eE'- 1 i=° 



hold for the 



'k,r,\ 



we have formally that 



1 



^ (cr - (Tor 



fe=l 



o 



E 

fc=i 



(<T - f7 ) fc L' 



with 
(9.13) 



E 



fc c t,A • 



T = Tq 



However, the convergence in C°° of the series l|9.12p is questionable since there may 
be a sequence {(t£, A^)}^ 1 C spec(— i£r, Fz-i) °f distinct points such that T( — > t 
as £ — y oo, so that the denominators irg + aao in the formula for ip® tend to zero so 
fast that for some nonnegative N, \J N /(irg + aero) is unbounded. To resolve this 
difficulty we will first show that 4>(a) is 2?(er)-cohomologous (modulo holomorphic 
terms) to an element of the same form as </>(cr) for which in the series (|9.10p the 
terms 4>\ T \ vanish if A — r 2 > e; the number e > is chosen so that 



(9.14) (r , A) G S'UE^ 1 =>■ A 

Recall that spec 9 ' (-i£r, F^) c {( r > A ) : A > t2 }- 
For any V C IL £ 9 ' let 



t 2 or A > r 2 



n 9 



i 2 (7V; A V* ® F) -> L 2 (7V; A' V* (8 F) 



be the orthogonal projection on 0- A)£l/ £ 9 A . If ^ G C°°(Af; A V* ® F), then the 
series 

n y-0 = E ^ r ' A ' ^ T ' A G ^,A 
(t,A)6V 

converges in C°°. It follows that ^b,q' an d £>T commute with Hy and that dbUy = 



Hy +1 db. Since the H v are selfadjoint, also d b H v 
Let 



U v d b . 



U = {(r, A) e E' U E 9 " 1 : A < t 2 + e}, F c = £ 9 U E 9_1 \C/. 
Then, for any sequence {(n,\£)} C J7 of distinct points we have \n\ — > oo as 



I — >• oo. Dchnc 



G 9 ^ 



E 



(r,A)e(7<= 



A — T 2 



Vv,A 



In this definition the denominators A — r 2 are bounded from below by e, so G q uc 
is a bounded operator in 1? and maps smooth sections to smooth sections because 
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the components of such sections satisfy estimates as in (|9. 1 1|) . The operators are 
analogous to Green operators: we have 



(9.15) 
so if dbip = 0, then 
(9.16) 

since 9 b G^ c = G^ c +1 d 6 . 
Write 6(a) in $$M as 



Txjcl-lb,q' 



I -III 



n b<ql G q uc ^ = d b d b G q uc ^ 



n V a 6(a) +U V 6(a) 



where 



1 

)= g(^j 



, H v 6(a) = 



Since T>(a)6(a) is holomorphic, so are T>(a)Hijc6(a) and T>(a)Hu6(a). 

We show that Hjjc6(a) is exact modulo holomorphic functions. Using (|9.7p . 
(|9TT5) . and (19TB . 11^° = 9^ b n^ c ^. Then 



E 



modulo a holomorphic term for some (j>\ with Ely^ <^ = 0jL The element on the 
right is £>(cr)-closed modulo a holomorphic function, so its components satisfy (|9.7[) . 
(I9.8[) . which give that the </>J. are 9 b -closed. Using again (|9.15j) and ()9 . 1 6|) we see 
that Hjjc6(a) represent an exact element. 

We may thus assume that Hlj c 6(a) = 0. If this is the case, then the series (I9.12[) 
converges in C°°, so 6(a) is cohomologous to the element 



(*) = £ 



where the 6\ are given by (l9~T5)l and satisfy II^'Vl = 0. By (j9~Tl|) . S 



In particular, □;, „_ 



0. 



Assuming now that already 6\ S ^ * 2 , the formulas (|9.9I) give (since r = ro 
and iro + a<7o = 0) 



Then 



1 _ M+1 1 







with □ 



b,9<Pl 



0. 



□ 
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Appendix A. Totally characteristic differential operators 

We review here some basic definitions and notation concerning totally charac- 
teristic differential operators. 

Let E, F ->• M be vector bundles and let Diff m (A4; E, P) be the space of 
differential operators C°°(M; E) -> C°°(M; F) of order m. Then 

Diff™(A / (; E, F), the space of totally characteristic differential opera- 
tors of order m, consists of those elements P G Diff m (A^; E, F) with 
(A.l) the property 

z-'Pt" e~Di$ m (M;E,F), v = l,...,m 
i.e., x~ v Px v has coefficients smooth up to the boundary. 

Let 7r : T*M — > M and & 7r : t T*M — >■ be the canonical projections. Suppose 
P G Diff™(.M; P, F). Since P is in particular a differential operator, it has a 
principal symbol 

o-(P) G C^(T*A4;Hom(7r*P,7r*P)). 
The fact that P is totally characteristic implies that tr(P) lifts to a section 

b ar(P) G C^(^M;Hom(VP,V'F)), 
the principal 6-symbol of P, characterized by 
(A.2) V(P)(ev*0 = «r(P)(0. 

If P G Diff™ (M;E, F), then P induces a differential operator 
(A.3) P b GDiffr(X;PaA4,PaA4), 

as follows. If 4> G C°°(clA/(; Eq M ), let </> G C°°(A4; P) be an extension of cj> and let 

Pb0= (P4>)\dM- 

The condition (|A.I[) ensures that P(f>\dM is independent of the extension of used. 
Clearly if P and Q are totally characteristic differential operators, then so is PQ, 
and 

(A.4) (PQ) b - P b Q b . 

The indicial family of P G Diff™(A4; P, P) is defined as follows. Fix a defining 
function t for dA4. Then for any a G C, 

P(o-) = r - ,;<T Pr t<T G DifC(X; P, P). 

Let 

(A.5) P(a) = P(a) b . 
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